Over the last 15 years, the He's variational iteration method (HVIM) has been applied to obtain formal solutions to a wide class of differential equations. This method leads to computable, efficient, solutions to linear and nonlinear operator equations. The parabolic partial differential equations with non-classical boundary conditions model various physical problems. The aim of this paper is to investigate the application of HVIM for solving the second-order linear parabolic partial differential equation with non-classical boundary conditions. The HVIM provides a reliable technique that requires less work when compared with the traditional techniques such as the Adomian decomposition method (ADM). The present approach can be used and extended for investigating more scientific applications.
Introduction
One-dimensional parabolic equation is a type of second-order partial differential equation (PDE) which describes a wide family of problems in science and engineering including heat diffusion, ocean acoustic propagation, etc. Such equation with non-classical boundary conditions has many important applications in chemical diffusion, thermo elasticity, heat conduction processes, population dynamics, vibration problems, nuclear reactor dynamics, inverse problems, control theory, medical science, biochemistry, and certain biological processes [2-5, 9, 14, and 15] . In this study, such problem takes the form Due to its importance in science and engineering, a number of analytical methods have been presented by several investigators to find promising approximate solutions for such problem (Eqns. (1-4) ). Ekolin [8] has developed the forward Euler scheme, the backward Euler technique and the Crank-Nicolson method for solving this kind of non-classical boundary value problem. The integrals in the boundary conditions are approximated by the trapezoidal rule. Ang [1] proposed an alternative method to solve the problem by taking Laplace transformations of (1), (3) , and (4) with respect to the time coordinator. With Laplace transformation, the problem can be reduced to a boundary value problem governed by a second-order inhomogeneous ordinary differential equation and can be solved explicitly. The physical solution then can be recovered through inverse Laplace transform. Dehghan [6] presented the lines semi-discretization approach to transform the model partial differential equation into a system of first-order linear ordinary differential equations. A parallel algorithm was developed to obtain the approximate solution of (1-4) from a recurrence relation that involves a matrix exponential function. Based on the previous work, Dehghan [7] continued to propose an approach of using Adomian decomposition method (ADM) to solve such problem. It was found that in comparison to the traditional techniques, the ADM is more powerful and efficient in finding exact solutions for the onedimensional parabolic equation with non-classical boundary specifications. Three examples were demonstrated to test the ADM approach. Dehghan's work presents a benchmark for this study, which is aimed at developing and validating a new approach of solving such parabolic equation employing He's variational iteration method (HVIM).
Besides the aforementioned numerical methods, HVIM is an effective and convenient method for solving both weakly and strongly nonlinear equations, which was originally presented by He for solving differential equation systems [10] [11] [12] [13] . The author has extensively applied HVIM for solving broad types of differential equation systems, such as heat equations, free vibration of EulerBernoulli beam, the nonlinear differential difference equations, Blasius equations, and [16] [17] [18] [19] . From those works, it is found that both HVIM and ADM are efficient and powerful methods which can lead to correct solutions in closed form. Comparing to ADM, HVIM requires less calculations and gives a direct approximate solution at each iteration step. Based on the previous results, this paper aims at using HVIM to solve the one-dimensional parabolic partial differential equation with non-classical boundary conditions in rapidly convergent series. The developed approach is validated by comparing the analytical results with those obtained from ADM. In the future, the algorithms of applications of HVIM can be implemented into computer programs in order to drastically improve the computer's performance in analyzing and simulating the differential equation systems.
He's Variational Iteration Method (HVIM)
In this section, the concept of He's variational iteration method is briefly introduced. Consider the general nonlinear differential equation given in the form
Lu(t) + Nu(t) = g(t)
(5) where L is a linear operator, N is a nonlinear operator, and g(t) is a known function. By using the variational iteration method, a correction functional can be constructed as
where λ is a general Lagrange multiplier, which can be determined optimally via variational theory; the subscript n means the nth approximation; U n is a restricted variation and δU n = 0. u 1 (t), u 2 (t) … u n (t) can then be found from Eqn. (6) . The solution to the Eqn. (6) then can be obtained as
Technical Approach
The steps of using HVIM for solving Eqns. (1) to (4) are described as follows.
Comparing Eqn. (1) with (5) to obtain the correctional function:
u n+1 (x, t) is expressed by substituting Eqn. (5) into (7) as:
In above equations, λ is the Lagrange multiplier, which can be identified by imposing stationary conditions. Next, the stationary conditions were derived by taking variation on both sides of the correctional function (Eqn. (8)) with respect to u n .
Afterwards, Eqn. (11) was integrated by part and we have:
The stationary conditions then can be found from Eqn. (13) According to Eqn. (13), the Lagrange multiplier λ was set as -1. Using that value for Eqn. (9) and the variation iteration formula was obtained as:
Applying the initial condition (Eqn. (2)) into the iteration formula Eqn. (5) to determine u(x, t), and u n (x, t) can be solved based on the recurrence relation (Eqn. (14)) as:
………………………………………………………….
Here f(x) can be any type of functions. It can be found from here that HVIM is performed based on the initial condition only and no specific boundary condition is required. Instead, given boundary conditions can be directly implemented into the original equation to simplify the problem. This suggests another advantage of HVIM in solving numerical problems.
Illustrative Examples
Three illustrative examples were demonstrated and solved applying the present HVIM approach. The examples had been solved before by Dehghan [7] using ADM. The results were compared to validate the accuracy and efficiency of the present approach.
Example 1
f(x) = e -x , 0 < x < 1;
, which is easily seen to have exact solution u(x, t) = e t-x . Using Eqn. (19) by assuming u 0 (x, t) = f(x) = e -x , we can have: 
The closed form solution can be easily expressed as u(x, t) = e -x e t = e t-x , which is the same as the exact solution as well as the solution obtained from ADM. From that example it can be seen that the analytical solution obtained from HVIM rapidly converges to the exact solution. 
It can be seen that the series fast converge to the exact solution after the first iteration.
Example 3
f(x) = cos(x), 0 < x < 1; Φ = csc(1), ψ = cotg(1), which is easily seen to have exact solution u(x, t) = e -t cos(x). Similarly, let u 0 (x, t) = f(x) = cos(x) and substituting it into Eqn. (15) to obtain following equations:
It is obviously that as n → ∞, u n (x, t) → u(x, t) = e -t cos(x), which is the exact solution.
From the illustrative examples, it can be found that by using HVIM to solve the differential equations, there is no boundary condition involved, and usually the boundary conditions are implemented into the original equation to simplify the problem.
Discussion and Conclusion
This paper presents a method of using HVIM to solve for one-dimensional parabolic equation with non-classical boundary conditions and validates the accuracy and efficiency of this method through three illustrative examples. Comparing the HVIM method to ADM, it can be found that both methods yield results that fast converge to the exact solutions. However, by using the present method, we don't have to calculate the Adomian coefficients and polynomials, which further simplify the solution process by reducing computing efforts. From the illustrative examples, it can also be found that the HVIM results converge to the exact solutions faster than the ADM results. Furthermore, by using HVIM, the solution process is executed only based on the preceding terms and initial conditions but not boundary conditions. Instead, the boundary conditions can be implemented into the original equations to simplify them. Hereby, comparing to other numerical methods, HVIM can handle differential equations with complex boundary conditions, which features another advantage of HVIM as an efficient and powerful tool in numerical analysis. The present method can be used by more researchers to investigate more scientific applications.
